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a b s t r a c t
Let ∆ denote the maximum degree of a graph. Fiamčík first and then Alon et al. again
conjectured that every graph is acyclically edge (∆+ 2)-colorable. Even for planar graphs,
this conjecture remains open. It is known that every triangle-free planar graph is acyclically
edge (∆ + 5)-colorable. This paper proves that every planar graph without intersecting
triangles is acyclically edge (∆+ 4)-colorable.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Graphs considered in this paper are finite, simple and undirected. Used but undefined terminology and notation can
be found in [2]. A graph is planar if it can be embedded into the plane so that its edges meet only at their ends. Any such
embedding of a planar graph is called a plane graph. For a plane graphG, we denote its vertex set, edge set, face set,maximum
degree and minimum degree by V (G), E(G), F(G),∆(G) and δ(G), respectively. A k-cycle is a cycle of length k. A 3-cycle is
often called a triangle. Two triangles are intersecting if they have at least one vertex in common.
A proper edge coloring of a graph G is a mapping from E(G) to a color set such that any two adjacent edges receive distinct
colors. In a proper edge coloring of G, a cycle is called bichromatic if only two colors appear on the cycle. An acyclic edge
coloring of a graph G is a proper edge coloring such that there is no bichromatic cycles. The acyclic chromatic index of a graph
G is the minimum number k such that G admits an acyclic edge coloring using k colors, and is denoted by a′(G). A graph G is
acyclically edge k-colorable if a′(G) ≤ k.
The concept of acyclic edge coloring was first introduced by Fiamčík [5]. A conjecture first posed by Fiamčík (1978) [5]
and then by Alon et al. (2001) [1] again states that, for every graph G, a′(G) ≤ ∆(G) + 2. For efforts to this conjecture we
refer the reader to the introductions in [4,6,7]. In [6], every triangle-free planar graph G was proved to be acyclically edge
(∆(G)+6)-colorable. Recently, the bound∆(G)+6was improved to∆(G)+5 in [4]. Also note that some interesting results
on acyclic edge colorings of planar graphs with larger maximum degree and large girth in [7,9] were improved in [4]. For
other interesting results in this direction we refer the reader to [3,7–9]. This paper will prove the following result.
Theorem 1. Every planar graph G without intersecting triangles is acyclically edge (∆(G)+ 4)-colorable.
2. Lemmas
Suppose that Theorem 1 is false. This section investigates some structural properties of a minimal counterexample to
Theorem 1.
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For a vertex v in a graph G, NG(v) denotes the set of neighbors of v in G. The degree of v in G, denoted by dG(v) or simply
d(v), is the number of edges incident with v in G. Call v a k-vertex, or a k+-vertex, or a k−-vertex if d(v) = k, or d(v) ≥ k, or
d(v) ≤ k, respectively. A k-neighbor of v is a k-vertex that is adjacent to v.
Call an edge e = xy in G a (d(x), d(y))-edge, where x and y are two ends of e. G− e or G− xy denotes the graph obtained
by deleting e = xy from G.
For a face f in a plane graph G, the size or degree of f , denoted by d(f ), is defined to be the steps of its boundary walk. Call
f an l-face if d(f ) = l. The notion of an l+-face or an l−-face is similarly defined. We write a face f = [v1 . . . vl] if v1, . . . , vl
are all vertices on f in a cyclic order. Moreover, we sometimes call f a (d(v1), . . . , d(vl))-face.
Let φ: E(G) → {1, 2, . . . , k} be an acyclic edge coloring of G. For an edge e ∈ E(G), φ(e) denotes the color given to e by
φ. An (α, β)-maximal bichromatic path under φ is a non-extendable path consisting of edges that are colored with colors α
and β alternatingly. An (α, β, uv)-maximal bichromatic path is an (α, β)-maximal bichromatic path that starts at vertex u
and ends at vertex v and the first edge on the path is colored α. The following fact, as observed in earlier papers, is obvious
from the definition of an acyclic edge coloring:
Fact 1. In an acyclic edge coloring φ of a graph G, given a pair of colors α and β , there can be at most one maximal (α, β)-
bichromatic path containing a particular vertex v.
From now on, [k] = {1, 2, . . . , k} denotes the set of colors in an acyclic edge coloring φ. For any vertex u ∈ V (G), we
define C(u) = {φ(uz)|z ∈ NG(u)}. For an edge xy ∈ E(G), we define Sxy = C(x) \ {φ(xy)}. Note that Sxy need not to be the
same as Syx.
For convenience, an edge colored α is called an α-edge. For an edge uv ∈ E(G), an (α, β, uv)-maximal bichromatic path
is called an (α, β, uv)-critical path if it starts and ends via an α-edge. This is a key notion in the following structural lemmas.
Now, let G be a counterexample to Theorem 1 with minimum number of edges and k = ∆ + 4 where ∆ = ∆(G). It is
obvious that G is 2-connected. Hence δ(G) ≥ 2. Embedding G into the plane, we get a plane graph G = (V , E, F). Since G is
2-connected, every face of G is bounded by a cycle.
Lemma 1. G has no (3−, 5−)-edge.
Proof. Suppose to the contrary that xy is a (3−, 5−)-edge with d(x) ≤ 3 in G. Without loss of generality, let x be a 3-vertex,
and x1 and x2, two neighbors of x other than y. Moreover, we may assume that d(y) = 5 and yi, i = 1, 2, 3, 4, the four
neighbors of y other than x. Let H = G− xy. By the minimality of G, H admits an acyclic edge coloring φ with color set [k].
The first possible case is that |C(x)∩C(y)| = 0. In this case, |C(x) ∪ C(y)| ≤ 2+(∆−1) = ∆+1 < k. Hence, at least one
color α ∈ [k] \ (C(x) ∪ C(y)) can be used to color edge xy, giving an acyclic edge coloring of G using k colors, a contradiction.
The second possible case is that |C(x)∩C(y)| = 1.Without loss of generality, wemay assume that φ(yy1) = φ(xx1) = 1.
Let F = C(x) ∪ C(y) in H . If there exists a color α ∈ [k] \ F which can be used to color edge xy such that there is no
bichromatic cycle in G, then we get a contradiction. Thus, for any θ ∈ [k] \ F , there exists a (1, θ, xy)-critical path under φ.
Hence [k] \ F ⊂ C(x1). It follows that d(x1) ≥ |[k] \ F | + 1 = k − |F | + 1 = (∆ + 4) − 5 + 1 = ∆. Hence d(x1) = ∆,
C(x1) = ([k] \ F) ∪ {1}, and Sx1x = [k] \ F . Thus φ(xx2) ∉ C(x1) since φ(xx2) ∈ F . Note that similar argument can yield
Sy1y = [k] \ F . Now there are two subcases under discussion:
(1) 1 ∉ C(x2). In this subcase, we first exchange the colors of xx1 and xx2, getting an acyclic coloring φ′ of H . Note that,
for any α ∈ [k] \ F , by Fact 1, there is no (1, α, yx2)maximal bichromatic path (since there is one (1, α, yx1)maximal
bichromatic path) in H under φ. Hence if we color xy with a color α ∈ [k] \ F , then we extend φ′ to an acyclic edge
coloring of G using k colors, a contradiction.
(2) 1 ∈ C(x2). In this subcase, we recolor edge yy1 with color φ(xx2), getting an acyclic edge coloring of H . Then we can
color edge xywith a color α ∈ ([k] \ Sx2x) \ F (this is possible since |([k] \ Sx2x) \ F | ≥ k− (∆− 1)− (5− 1) = 1), giving
an acyclic edge coloring of G using k colors, a contradiction.
Now consider the final possible case |C(x) ∩ C(y)| = 2. Without loss of generality, we may assume that φ(yy1) =
φ(xx1) = 1 and φ(yy2) = φ(xx2) = 2. Since |F | = |C(x) ∪ C(y)| = 4, we have |[k] \ F | = k− 4 = ∆. If we can color edge
xywith a color α ∈ [k] \ F such that there is no bichromatic cycle, then we get an acyclic edge coloring of G using k colors, a
contradiction. Otherwise, for each θ ∈ [k] \ F , there exists a (1, θ, xy)-or a (2, θ, xy)-critical path under φ. As |[k] \ F | = ∆,
there exists one color β ∈ [k] \ F that is not belonging to C(x1). Since there is already a (2, β, xy)-critical path under φ, by
Fact 1, there is no (2, β, xx1)-critical path under φ. Therefore, by recoloring edge xx1 with β , we get an acyclic edge coloring
of H using k colors and go back to the second possible case discussed above. This completes the proof of Lemma 1. 
Lemma 2. G has no (4−, 4−, 4−)-face.
Proof. Suppose to the contrary that G has such a face f = [xyz]. Without loss of generality, we may assume that
d(x) = d(y) = d(z) = 4. Let H = G − xy, {x1, x2} = N(x) \ {y, z} and {y1, y2} = N(y) \ {x, z}. By the minimality
of G, H admits an acyclic edge coloring φ with color set [k]. Without loss of generality, we may assume that φ(xxi) = i,
i = 1, 2, and φ(xz) = 3. Let F = C(x) ∪ C(y). If |C(x) ∩ C(y)| = 0, then we can color edge xywith a color from [k] \ F since
|F | = |C(x)∪C(y)| ≤ 3+ (∆−1) = ∆+2 < k, giving an acyclic edge coloring of G using k colors, a contradiction. Suppose
that |C(x) ∩ C(y)| ≥ 1. We discuss by distinguishing three cases as follows.
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(1) |C(x) ∩ C(y)| = 1. In this case, |[k] \ F | = k − 5 = ∆ − 1. By symmetry, we only need to consider two subcases as
follows.
(a) φ(yy1) = φ(xz) = 3. Since |C(x)∪ C(y)∪ C(z)| ≤ (∆− 1)+ 2+ 2 = ∆+ 3 < k, we can color edge xywith a color
from [k] \ (C(x) ∪ C(y) ∪ C(z)), giving an acyclic edge coloring of G using k colors, a contradiction.
(b) φ(yy1) = 1. If we can choose a color α ∈ [k] \ F to color edge xy such that there is no bichromatic cycle, then
we obtain an acyclic edge coloring of G using k colors, a contradiction. Otherwise, for each θ ∈ [k] \ F , there is a
(1, θ, xy)-critical path in H under φ. It follows that C(y1) ⊇ {1} ∪ ([k] \ F). Hence d(y1) ≥ 1 + (k − 5) = ∆. This
implies that C(y1) = {1} ∪ ([k] \ F), namely C(y1)∩ (F \ {1}) = ∅. Nowwe can recolor edge yy1 with color 3, giving
an acyclic edge coloring of H using k colors, and go back to subcase (a).
(2) |C(x) ∩ C(y)| = 2. In this case, |[k] \ F | = k− 4 = ∆. There are two subcases under consideration.
(a) 3 ∈ C(y). Clearly φ(yz) ≠ 3. By symmetry, wemay assume that φ(yy1) = 3 and 1 ∈ C(y). If φ(yz) = 1, then we can
choose a color from [k] \ (C(x)∪C(y)∪C(z)) to color edge xy since |(C(x)∪C(y)∪C(z))| ≤ 4+∆−2 = ∆+2 < k,
giving an acyclic coloring ofG using k colors, a contradiction. Suppose thatφ(yy2) = 1. If there is a colorα ∈ [k]\F to
color xy such that there is no bichromatic cycles, thenweobtain an acyclic coloring ofGusing k colors, a contradiction.
Otherwise, for each color θ ∈ [k] \ F , there is a (1, θ, xy)-or a (3, θ, xy)-critical path in H under φ. It follows
that [k] \ F ⊆ Sx1x ∪ (Szx \ {φ(zy)}). If 1 ∈ C(z), then [k] \ F ⊆ Sx1x ∪ (Szx \ {1, φ(zy)}). This implies that
∆ = |[k] \ F | ≤ |Sx1x∪ (Szx \ {1, φ(zy)})| ≤ (d(x1)−1)+ (d(z)−3) = d(x1). Hence d(x1) = ∆, |([k] \ F)∩C(z)| = 1
and |([k] \ F)∩ C(x1)| = ∆− 1. Let β be the unique color in ([k] \ F)∩ C(z). Now we can recolor xx1 with β , giving
a new acyclic edge coloring of H and go back case (1). The argument for case 1 ∈ C(z) works as well as for case
2 ∈ C(z). So we may assume that {1, 2} ∩ C(z) = ∅. Since 3 ∈ F ∩ C(z), |([k] \ F) \ C(z)| ≥ ∆− 2 ≥ 1. Nowwe can
recolor xz with a color from ([k] \ F) \ C(z), giving an acyclic edge coloring of H using k colors and go back to case
(1).
(b) 3 ∉ C(y). In this case, we may assume that φ(yy1) = 1 and φ(yy2) = 2. If there is a color α ∈ [k] \ F to color xy
such that there is no bichromatic cycle, then we obtain an acyclic edge coloring of G using k colors, a contradiction.
Otherwise, for each color θ ∈ [k] \ F , there is a (1, θ, xy)-or a (2, θ, xy)-critical path in H under φ. It follows that
every color in [k] \ F belongs to Sx1x or Sx2x or both. If 3 ∈ Sx1x ∪ Sx2x, then there are at least three colors not in F ,
say α, β, γ , each of which either does not belong to Sx1x or does not belong to Sx2x since |[k] \ F | = ∆. Note that|C(z) \ F | = 2. Hence |{α, β, γ } \ (C(z) \ F)| ≥ 1. Thus there is at least one color, say α, that does not belong to
either Sx1x ∩ (C(z) \ F) or Sx2x ∩ (C(z) \ F), say Sx1x ∩ (C(z) \ F). Recolor x1xwith α, giving an acyclic edge coloring
of H using k colors and go back case (1). So we may assume that 3 ∉ Sx1x ∪ Sx2x. Since |[k] \ F | = ∆ and d(x1) ≤ ∆,
we can recolor edge xx1 with a color γ ∈ ([k] \ F) \ C(x1), getting a new proper edge coloring φ′. Since there is a
(2, γ , xy)-critical path in H under φ, according to Fact 1, there is no (2, γ , xx1)-critical path. So φ′ is an acyclic edge
coloring of H satisfying |C ′(x) ∩ C ′(y)| = 1. Returning to case (1), we can get an acyclic edge coloring of G using k
colors, a contradiction.
(3) |C(x) ∩ C(y)| = 3. In this case, we may assume that φ(yz) = 1, φ(yy1) = 2 and φ(yy2) = 3. If there is a color
α ∈ [k]\F to color xy such that there is no bichromatic cycles, thenwe obtain an acyclic edge coloring ofG using k colors,
a contradiction. Otherwise, for each color θ ∈ [k] \ F , there is a (1, θ, xy)-or a (2, θ, xy)-or a (3, θ, xy)-critical path in H
underφ. Note that every (1, θ, xy)-or (3, θ, xy)-critical path passes through vertex z. Also note that |[k]\F | = ∆+1, and
every (2, θ, xy)-critical path passes through vertices y1 and x2. As before, It is easy to derive that d(y1) = d(x2) = ∆,
and that every color in [k] \ F appears exactly one time in Sy1y ∪ (Szy ∩ Szx) as well as in Sx2x ∪ (Szy ∩ Szx), and that
Sy1y ∩ (Szy ∩ Szx) = ∅. Now we can recolor yz with a color from Sy1y, giving an acyclic edge coloring of H using k colors,
and go back case (2). The proof of Lemma 2 is completed. 
Lemma 3. Let d ≥ 6 be a positive integer. If x is a d-vertex in G with a 2-neighbor y, then x has at most (d− 5)3−-neighbors.
Proof. Let v1, v2, . . . , vd−1 be the neighbors of x other than y and z the neighbor of y other than x. As before, H = G − xy.
Clearly, a′(H) ≤ k. Let φ be an acyclic edge k-coloring of H . Without loss of generality, we assume that φ(xvi) = i, where
i = 1, 2, . . . , d − 1. Suppose to the contrary that x has at least (d − 4)3−-neighbors, say y, v1, v2, . . . , vd−5. Without loss
of generality, we may assume that each of them other than y is a 3-vertex. Let v′i , v
′′
i be two neighbors of vi other than x, for
i = 1, 2, . . . , d− 5.
If φ(yz) ∉ {1, 2, . . . , d− 1}, then we color edge xywith a color from [k] \ ({φ(yz)} ∪ {1, 2, . . . , d− 1}), giving an acyclic
edge coloring of G using k colors, a contradiction.
Suppose that φ(yz) ∈ {1, 2, . . . , d − 1}. If φ(yz) = φ(xvi), for some i ∈ {1, 2, . . . , d − 5}, then we can choose a color
from [k] \ ({1, 2, . . . , d− 1})∪ {φ(viv′i), φ(viv′′i )} to color xy for |{1, 2, . . . , d− 1} ∪ {φ(viv′i), φ(viv′′i )}| ≤ d+ 1 < k, giving
an acyclic edge coloring of G using k colors, a contradiction. So we may assume that φ(yz) ∈ {d − 4, d − 3, d − 2, d − 1}.
Without loss of generality, we may assume that φ(yz) = d− 1. If there is a color α ∈ {d, . . . , k} \ C(z), then we can color xy
with α, getting a contradiction. So {d, . . . , k} ⊆ C(z). Now |C(z) \ {d− 1, d, . . . , k}| ≤ ∆− (k− (d− 2)) = d− 6, we can
recolor yz with one color i0 ∈ {1, 2, . . . , d− 5} \ (C(z) \ {d− 1, d, . . . , k}), and go back the case discussed at the beginning
of this paragraph. This completes the proof of Lemma 3. 
Lemma 4. If x is a 6-vertex incident with a (4, 4, 6)-face in G, then x has at most three 3−-neighbors.
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Proof. Suppose that G contains such a 6-vertex x with neighbors y, v1, v2, . . . , v5 such that d(y) = d(v1) = d(v2) =
d(v3) = 3, and f = [v4v5x] is the (4, 4, 6)-face. Let H = G− xy. By the minimality of G, H admits an acyclic edge coloring φ
with color set [k]. Without loss of generality, we assume that φ(xvi) = i, i = 1, . . . , 5. As before, F = C(x) ∪ C(y) under φ
in H .
If |C(x) ∩ C(y)| = 0, then we can color xy with a color from [k] \ F since |F | ≤ (∆ − 1) + 2 = ∆ + 1 < k, giving a
contradiction. So |C(x) ∩ C(y)| ≥ 1.
We first suppose that |C(x) ∩ C(y)| = 1. Let C(x) ∩ C(y) = {i}, i ∈ {1, 2, . . . , 5}. Since |C(x) ∪ C(y) ∪ C(vi)| ≤
(∆− 1)+ 2− 1+ 3 = ∆+ 3 < k, we can color xy with a color from [k] \ ((C(x) ∪ C(y) ∪ C(vi))), giving an acyclic edge
coloring of G using k colors, a contradiction.
We next suppose that |C(x) ∩ C(y)| = 2. |[k] \ F | = k − 5 = ∆ − 1. By symmetry, we only need to consider three
subcases as follows.
(1) φ(y) = {1, 2}. Since |C(x) ∪ C(v1) ∪ C(v2)| ≤ (∆ − 1) + 4 = ∆ + 3 < k, we can color xy with a color from
[k] \ ((C(x) ∪ C(v1) ∪ C(v2))), giving an acyclic edge coloring of G using k colors, a contradiction.
(2) φ(y) = {1, 4}. If there exists a color α ∈ [k] \ F to color xy such that there is no bichromatic cycle in G, we obtain an
acyclic edge coloring using k colors, a contradiction. Otherwise, for any θ ∈ [k] \ F there is a (1, θ, xy)-or a (4, θ, xy)-
critical path. Thus [k] \ F ⊆ Sv1x ∪ Sv4x. It follows that∆− 1 = k− 5 = |[k] \ F | ≤ |Sv1x ∪ Sv4x| ≤ 2+ 3 = 5, i.e.,∆ ≤ 6.
Hence∆ = 6. This implies that [k] = {1, . . . , 10}, [k] \ F = {6, . . . , 10} = Sv1x ∪ Sv4x and Sv1x ∩ Sv4x = ∅. Hence color
β = φ(v4v5) ∉ Sv1x. If 4 ∉ C(v5), we can color xy with β . If 1 ∉ C(v5), we can recolor xv1 with 4, xv4 with 1, and color
xywith β . Otherwise, C(v5) = {1, 4, 5, β}. Now, we recolor xv1 with β and color xywith a color from C(v1) \ {1}, giving
an acyclic edge coloring of G using k colors, a contradiction.
(3) φ(y) = {4, 5}. If there exists a color α ∈ [k] \ F to color xy such that there is no bichromatic cycles in G, then we obtain
an acyclic edge coloring of G using k colors, a contradiction. Otherwise, there is a (4, θ, xy)-or a (5, θ, xy)-critical path
for each θ ∈ [k] \ F . As before, [k] \ F ⊆ Sv4x ∪ Sv5x,∆ = 6, and Sv4x ∪ Sv5x = {6, . . . , 10}. We can color xywith φ(v4v5),
getting an acyclic edge coloring of G using k colors, a contradiction completing the proof of Lemma 4. 
Lemma 5. If x is a 6-vertex incident with a (3, 6, 6)-face in G, then x has at most four 3−-neighbors.
Proof. Let x be a 6-vertex in G adjacent to one 6-vertex v1 and five 3-vertices y, v2, . . . , v5, where x, y and v1 are three
vertices of a 3-face f = xyv1. Let z be the neighbor of y other than x and v1. Let H = G − xy. By the choice of G, a′(H) ≤ k.
Let φ be an acyclic edge coloring of H with color set [k]. Without loss of generality, we may assume that φ(xvi) = i for
i ∈ {1, 2, 3, 4, 5}. As before, F = C(x)∪ C(y) under φ in H . If C(x)∩ C(y) = ∅, then we can color xywith a color from [k] \ F
since |F | ≤ (∆−1)+2 = ∆+1 < k, giving an acyclic edge coloring of G using k colors, a contradiction. So |C(x)∩C(y)| ≥ 1.
We first suppose that |C(x) ∩ C(y)| = 1. If the common color of C(x) and C(y) belongs to {2, 3, 4, 5}, say 2, then
|C(x)∪ C(y)∪ C(v2)| ≤ (∆− 1)+ (2− 1)+ (3− 1) = ∆+ 2 < k. We can choose a color α ∈ [k] \ (C(x)∪ C(y)∪ C(v2)) to
color xy and obtain an acyclic edge coloring of G using k colors, a contradiction. Otherwise, 1 ∈ C(y), and φ(yz) = 1. If we
can color xywith a colorα ∈ [k]\F such that there is no bichromatic cycle, thenwe obtain an acyclic edge coloring ofG using
k colors, a contradiction. So, for each θ ∈ [k] \ F , there exists a (1, θ, xy)-critical path under coloring φ. Clearly, these critical
paths do not pass through edge yv1. So [k] \ F $ Sv1x. It follows that∆ ≥ d(v1) = |Sv1x|+1 ≥ |[k] \ F |+2 = k−6+2 = ∆.
Hence d(v1) = ∆, ∆ = 6, and C(v1) = {1, 6, 7, 8, 9, 10}. Without loss of generality, we may assume that φ(yv1) = 6.
Clearly each (1, θ, xy)-critical path passes through z. Hence {7, 8, 9, 10} ⊆ C(z). If 6 ∉ C(z), then we can recolor yv1 with a
color from {2, 3, 4, 5} \ C(z) and color xy with 6, giving an acyclic edge coloring of G using k colors, a contradiction. Hence
C(z) = {1, 6, 7, 8, 9, 10}. Now, recolor yv1 with 2 and color xy with 6, giving an acyclic edge coloring of G using k colors, a
contradiction.
We next suppose that |C(x)∩ C(y)| = 2. Note that |[k] \ F | = k− 5 = ∆− 1. First assume that |{2, 3, 4, 5} ∩ C(y)| = 2.
Without loss of generality, wemay assume that C(y) = {2, 3}. Since |C(x)∪C(y)∪C(v2)∪C(v3)| ≤ (∆−1)+4 = ∆+3 < k,
we can choose a color α ∈ [k] \ (C(x)∪ C(y)∪ C(v2)∪ C(v3)) to color xy, giving an acyclic edge coloring of G using k colors.
Next we may assume that C(y) = {1, 2}. Note that |([k] \ F) \ C(v1)| ≥ (∆ − 1) − (∆ − 2) = 1. We can choose a color
β ∈ ([k] \ F) \ C(v1) to color xy, giving an acyclic edge coloring of G using k colors.and extend acyclic edge coloring c of H
to G. Both contradict the choice of G. This completes the proof of Lemma 5. 
3. Proof of Theorem 1
To prove Theorem 1, we shall derive a contradiction by a discharging procedure proceeded in G = (V , E, F) as a minimal
counterexample to Theorem 1. In the procedure, for each x ∈ V ∪ F , the initial charge ch(x) = d(x) − 4. By Handshaking
Lemma
∑
v∈V d(v) = 2|E| =
∑
f∈F d(f ) and Euler’s Formula |V | − |E| + |F | = 2, we have−
x∈V∪F
ch(x) = −8. (1)
Call a 6-neighbor u of a 3-vertex v bad if edge uv is incident with a 3-face and u is adjacent to five 3-vertices. Note that v
has at most one bad neighbor since G does not contain intersecting triangles.
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The final charge ch′(x) for each x ∈ V ∪ F follows from executing the discharging rules below.
R1. Charge to a 2-vertex v
Every 2-vertex gets 1 from each of its two neighbors.
R2. Charge to a 3-vertex v
R2.1. If v has no bad 6-neighbor, then it gets 13 from each neighbor.
R2.2. Otherwise, v gets 16 from the bad 6-neighbor,
1
2 from the neighbor that together with v and the bad 6-neighbor of v
forms a 3-face, and 13 from the remaining neighbor.
R3. Charge to a 3-face f
R3.1. If f is incident with exactly two 4-vertices, then it gets 1 from the remaining 5+-vertex on f .
R3.2. Otherwise, it gets 12 from each of incident 5
+-vertices.
The rest of this paper is devoted to checking that ch′(x) ≥ 0 for each x ∈ V ∪ F . This clearly contradicts (1), since the
total charge does not change. Hence Theorem 1 is proved.
We first show that ch′(f ) ≥ 0 for each face f ∈ F . Since G is simple, G has no 1-face and 2-face. If f is a 4+-face, then
no charge is sent to or from f by our rules, giving ch′(f ) = ch(f ) ≥ 0. Let f be a 3-face. By Lemma 1, f is incident with at
most one 3−-vertex. If f is incident with a 3−-vertex, then it is incident exactly two 6+-vertices by Lemma 1. According to
R3.2, f gets 12 from each of the two 6
+-vertices, giving ch′(f ) = ch(f )+ 2× 12 = −1+ 1 = 0. Suppose that no 3−-vertex is
incident with f . If at most one 4-vertex is incident with f , then f gets 12 from each of the incident 5
+-vertices by R3.2, giving
ch′(f ) ≥ ch(f ) + 2 × 12 = −1 + 1 = 0. If f is incident with at least two 4-vertices, then f is incident with exactly two
4-vertices by Lemma 2. By R3.1, f gets 1 from the only incident 5+-vertex, giving ch′(f ) = ch(f )+ 1 = −1+ 1 = 0.
We next show that ch′(v) ≥ 0 for each vertex v ∈ V . Recall that δ(G) ≥ 2.
Let v be a 2-vertex. By R1, ch′(v) = ch(v)+ 2× 1 = −2+ 2 = 0.
Let v be a 3-vertex. By Lemma 1, every neighbor of v is a 6+-vertex. If v has no bad 6-neighbor, then ch′(v) =
ch(v) + 3 × 13 = −1 + 1 = 0 by R2.1. Suppose that v has a bad 6-neighbor u. Let f = [uvw] be the 3-face that defines u
being a bad 6-neighbor of v. By Lemma 5,w is a 7+-vertex. By R2.2, ch′(v) = ch(v)+ 16 + 12 + 13 = −1+ 1 = 0.
Let v be a 4-vertex. According to our rules, no charge is discharged to or from v, that is, ch′(v) = ch(v) = 0.
Let v be a 5-vertex. By Lemma 1, v has no 3−neighbor. By our rules, v sends nothing to its neighbors. On the other hand,
v only need to send 1 to a possible incident 3-face by R3.1. Hence ch′(v) ≥ ch(v)− 1× 1 = 1− 1 = 0.
Let v be a 6-vertex. From the assumption, v is incidentwith atmost one 3-face. By Lemma3, v has atmost one 2-neighbor;
and if it has one 2-neighbor, then it has no 3-neighbors.We first assume that no 3-face is incident with v. In this case, if v has
a 2-neighbor, then ch′(v) = ch(v)− 1 = 2− 1 = 1 > 0; otherwise, ch′(v) ≥ 6− 4− 6× 13 = 0 by R2.1. We next assume
that v is incident with a 3-face f = [uvw]where d(u) ≤ d(w). If v has a 2-neighbor, then v only sends 1 to the 2-neighbor
by R1, and sends at most 1 to f by R3.1, giving ch′(v) ≥ ch(v) = 2 − 1 − 1 = 0. Suppose that v has no 2-neighbor. By
Lemma 1, v has at most five 3-neighbors. If v has at most three 3-neighbors, then ch′(v) ≥ ch(v) − 3 × 13 − 1 = 0 (note
that only 7+-vertex may send 12 to its 3-neighbor by R2.1). If v has five 3-neighbors, then v is a bad 6-neighbor of u. By R2.
and R3.2, ch′(v) = ch(v)− 16 − 12 − 4× 13 = 0. Suppose that v has exactly four 3-neighbors. If u is a 3-neighbor of v, then
ch′(v) ≥ ch(v)− 12 −4× 13 = 16 > 0. If u is not a 3-neighbor of v, then f , by Lemma 4, is incident with at most one 4-vertex,
still giving ch′(v) ≥ ch(v)− 12 − 4× 13 = 16 > 0 by R3.2.
Finally let d(v) ≥ 7. Note that v is incident with at most one 3-face. By Lemma 3, v has at most (d(v)− 5)3−-neighbors
if v has a 2-neighbor. According to our rules, v sends at most 1 to each 3−-neighbor. If no 3-face is incident with v, then
ch′(v) ≥ d(v) − 4 − (d(v) − 5) × 1 = 1 > 0 when v has a 2-neighbor, or ch′(v) ≥ d(v) − 4 − d(v) × 13 = 2d(v)−123 > 0
when v has no 2-neighbors. Suppose that v is incident with a 3-face f = [uvw] where d(u) ≤ d(w). If v has a 2-neighbor,
then ch′(v) ≥ d(v) − 4 − 1 − (d(v) − 5) × 1 = 0. Suppose that v has no 2-neighbor. If d(u) = 3, then ch′(v) ≥
d(v)−4− 12 − 12 − (d(v)−2)× 13 = 2d(v)−133 > 0. If d(u) ≥ 4, then ch′(v) ≥ d(v)−4−1− (d(v)−2)× 13 = 2d(v)−133 > 0,
as desired.
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